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ABSTRACT
For the Local Group Scd galaxy M 33 this paper presents a multi-scale study of the
relationship between the monochromatic star formation rate (SFR) estimator based on
12 µm emission and the total SFR estimator based on a combination of far-ultraviolet
and 24 µm emission. We show the 12 µm emission to be a linear estimator of total
SFR on spatial scales from 782 pc down to 49 pc, over almost four magnitudes in SFR.
These results therefore extend to sub-kpc length scales the analogous results from
other studies for global length scales. We use high-resolution H i and 12CO(J = 2 − 1)
image sets from the literature to compare the star formation to the neutral gas. For
the full range of length scales we find well-defined power-law relationships between
12 µm-derived SFR surface densities and neutral gas surface densities. For the H2
gas component almost all correlations are consistent with being linear. No evidence
is found for a breakdown in the star formation law at small length-scales in M 33
reported by other authors. We show that the average star formation efficiency in M 33
is roughly 10−9 yr−1 and that it remains constant down to giant molecular cloud length-
scales. Toomre and shear-based models of the star formation threshold are shown to
inaccurately account for the star formation activity in the inner disc of M 33. Finally,
we clearly show that the H i saturation limit of ≈ 9 M⊙ pc
−2 reported in the literature
for other galaxies is not an intrinsic property of M 33 - it is systematically introduced
as an artefact of spatially smoothing the data.
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1 INTRODUCTION
At a distance of 0.84 Mpc (Kam et al. 2015), Messier 33
(M 33) has been used by many investigators to carry out
resolved studies of the processes that drive its star formation
activity. The intermediate inclination of the disc of M 33 (≈
54◦, Kam et al. 2015) makes it a particularly useful galaxy
for which to carry out dynamical studies as well as studies of
the distributions of gas and star formation, and their links
to one another.
In order to study the processes by which neutral hy-
drogen within galaxies is converted into stars, a reliable
star formation tracer is required. Since the launch of the
Galaxy Evolution Explorer (GALEX, Martin et al. 2005),
far-ultraviolet (FUV) observations of galaxies have served as
one of the most direct tracers of the recent (10 - 100 Myr)
star formation rate (SFR). FUV is regularly used as a star
formation tracer as it directly traces the photospheric emis-
sion from young, massive stars over short timescales.. How-
ever, the FUV emission is highly susceptible to attenua-
tion from interstellar dust. This problem is often dealt with
by using integrated far-infrared (FIR) emission to trace
the dust that is heated by ultraviolet and optical pho-
tons (Calzetti et al. 2007; Rieke et al. 2009, and references
therein). In recent years it has become standard practice to
combine the FUV and Spitzer 24 µm emission of galaxies to
generate a hybrid measure of their total SFR (Calzetti et al.
2007; Leroy et al. 2008). Dust emission at 24 µm is known
to peak around regions of active star formation. However, a
more diffuse 24 µm component extends throughout galaxies
(between the star forming regions typically traced by HII
regions).
For cases in which FUV and FIR observations of a
galaxy are not both available, a monochromatic SFR tracer
can be used. The W3 band of the Widefield Infrared Sur-
vey Explorer (WISE, Wright et al. 2010) has been shown to
serve as a good SFR estimator. The band extends from 7.5
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to 16.5 µm, centred at about 11.6 µm and covers a complex
variety of PAH features, nebular emission lines, and rota-
tional lines of H2. Recent studies (e.g., Jarrett et al. 2013;
Cluver et al. 2014, 2017; Brown et al. 2017) have shown
SFRs derived from WISE W3 imaging to be closely related
to Balmer decrement corrected Hα luminosities. However,
such studies have focussed only on global star formation
rates - none of them have probed the relations on smaller
length scales. In this work we capitalise on the proximity
of M 33 to study the relationships between a W3-based
monochromatic SFR indicator and a hybrid SFR indicator
based on FUV + 24 µm emission on sub-kpc length scales
ranging from 49 pc to 782 pc. At all length scales, we demon-
strate the clear existence of a linear relationship between the
two SFR indicators.
Having a reliable estimator of total SFR within a
galaxy allows for studies of the quantitative relationships
between the neutral gas content and SFR. The Kennicutt-
Schmidt law is the typical power law that is found to fit
the correlation between gas and SFR surface densities in
local galaxies on global scales (Kennicutt 1989, 1998) and
on sub-kpc scales larger than a few hundred parsecs(e.g.,
Kennicutt et al. 2007; Bigiel et al. 2008; Kennicutt & Evans
2012). The slope of the power law has been found to vary
from about 1 to 2 and seems to depend on the tracer of
the gas surface density, Σgas. As recently summarised by
Elmegreen (2018), the power law index is consistently close
to unity when considering CO surface densities (i.e., Σgas =
ΣH2) in normal galaxies (Wong & Blitz 2002; Bigiel et al.
2008). For total gas surface densities (i.e., Σgas = ΣHI+H2)
in galaxy discs, the power law index is typically found to
be close to 1.4 (Kennicutt 1998). Finally, power law slopes
consistently close to 2 are found in dwarf irregular galax-
ies and in the outer parts (dominated by H i) of spiral
discs (Elmegreen & Hunter 2015). Elmegreen (2018) has re-
cently argued that thresholds are not needed to explain star
formation correlations such as the various versions of the
Kennicutt-Schmidt law. Instead, he says, a single model of
pervasive collapse can explain all of the correlations. The
various versions of the Kennicutt-Schmidt law are shown by
Elmegreen (2018) to follow from the model if the selection
effects of the observable used to define the dense gas fraction
are taken into account. In this work, we avoid introducing
such selection effects by considering the full range of reliable
gas surface densities presented by our data.
The exact nature of the star formation law crucially
affects the overall evolution of galaxies. While the above-
mentioned power law indices have been demonstrated on
large length scales, any tight correlation between ΣSFR and
Σgas is generally treated as one that breaks down at smaller
length scales (less that a few hundred parsecs). The data sets
we utilise in this work allow us to reliably study the SF law
in M 33 down to physical resolutions as small as 49 pc. We
use our various map sets to also study the star formation
efficiency (SFE) in M 33. While global measures of SFE
exist for many nearby galaxies, it is not well-known whether
SFE changes significantly when approaching length scales
of giant molecular clouds. The proximity of M 33 makes it
ideally suited to study SFE on very small length scales.
A star formation threshold is used to understand which
gas in a galaxy is actively forming stars. The basic ingre-
dients of most single-fluid models that consider only the
gas properties are self-gravity, turbulence, and kinematics.
Quantitatively understanding how these various properties
of the inter-stellar medium work together to either pro-
mote of inhibit star formation offers important insights into
the workings of fundamental galaxy evolution processes. In
this work, we use the H i and CO image sets of M 33 to-
gether with two of the best-known single-fluid star forma-
tion thresholds to assess their ability to correctly predict the
presence of star formation in the galaxy.
The layout of this paper is as follows. In Section 2 we
present and describe the basic properties of the image sets
we use. Section 3 focuses on a multi-scale study of the rela-
tionship between a monochromatic SFR estimator based on
WISE W3 emission and a total SFR estimator based on a
combination of far-ultraviolet and 24 µm emission. Having
established the efficacy of the W3 SFR estimator, we use it
in Section 4 to study the dependence of SFR and star forma-
tion efficiency on the neutral gas density in M 33. Section 5
is based on a study of star formation thresholds in M 33. In
Section 6, we discuss the observed surface densities of our
H i image set in the context of H i saturation limits reported
by previous authors for other galaxies. Finally, we present
our conclusions in Section 7.
2 DATA
12 µm imaging of M 33 from the WISE Enhanced Reso-
lution Galaxy Atlas (WERGA, Jarrett et al. 2013) is used
in this work to calculate the monochromatic star forma-
tion rate of the galaxy. M 33 is one of the galaxies in the
WERGA sample for which super-resolution methods have
been used to create a high spatial resolution set of images
in each of the four WISE bands. The reader is referred to
Masci & Fowler (2009) and Jarrett et al. (2012) for the de-
tails of the Maximum Correlation Method used to produce
the high-resolution images. The WERGA 12 µm map has a
spatial resolution of ∼ 7.2 arcsec and a pixel scale of 1 arc-
sec. Brown et al. (2017) present a relation between WISE
12 µm luminosity, LW3, and Balmer decrement corrected
Hα luminosity, LHα,Corr:
log LW3 = (40.79±0.06)+ (1.27±0.04)× (log LHα,Corr −40). (1)
This relation is used together with the relation between
LHα,Corr and SFR from Kennicutt et al. (2009) to convert
the calibrated 12 µm map into a star formation rate surface
density map, ΣSFRW3 , with units of M⊙ yr
−1 kpc−2 (Fig. 1,
top row). This relation between monochromatic luminosity
and SFR, as well as the relation presented below between
far-ultraviolet and 24 µm luminosities and SFR, is based
on a Kroupa (2001) initial mass function. The ΣSFRW3 maps
of M 33 yield a global SFR of 0.34 M⊙ yr
−1. The parame-
ter uncertainties from the Brown et al. (2017) relation were
used to calculate upper and lower limits of 0.42 M⊙ yr
−1
and 0.27 M⊙ yr
−1, respectively, for the this W3-based global
SFR.
For visual comparison to our ΣSFRW3 maps, the PACS
100 µm map obtained as part of the Herschel M33 Extended
Survey (HerM33es, Kramer et al. 2010) is shown in the sec-
ond row of Fig. 1. We have used this map to estimate a
100 µm-based global SFR to compare to our 12 µm-based
global SFR. To do this, we used the linear relation between
MNRAS 000, 1–17 (2018)
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100 µm emission and total SFR (Hα + 24 µm) for resolved
star-forming regions in M 33, presented by Boquien et al.
(2010):
log ΣSFR = (0.998 ± 0.0244) log Σ100 − (35.8520 ± 0.8304), (2)
where ΣSFR is in units of M⊙ yr
−1 kpc−2 and Σ100 is the
100 µm luminosity surface density in units of W kpc−2. We
quantified the Gaussian noise properties of the 100 µm im-
age and then applied a 1σ flux cut. The surviving pixels
were converted to units of M⊙ yr
−1 kpc−2 using the relation
above, and then summed to obtain the global SFR. To in-
corporate the parameter uncertainties in the Boquien et al.
(2010) relation, we repeated the procedure 1000 times, each
time using a uniformly distributed random number in the
range -0.0244 to 0.0244 to represent the error in the first
term of the relation, and a random number in the range -
0.8304 to 0.8304 to represent the error in the second term.
Using all 1000 realisations of the ΣSFR maps based on the
Boquien et al. (2010) relation, we obtain an estimate of the
100 µm-based global SFR of 0.44±0.10 M⊙ yr
−1. This result
is entirely consistent with our estimate of 0.340.42
0.27
M⊙ yr
−1
based on the 12 µm imaging.
In order to test the idea of using the 12 µm imaging as a
monochromatic SFR tracer in M 33, GALEX far-ultraviolet
(FUV) and Spitzer SINGS 24 µm maps from the literature
have been used to produce a hybrid tracer of the total SFR.
The FUV map was obtained as part of the GALEX Nearby
Galaxies Survey (Gil de Paz et al. 2007). Downloaded from
the Barbara A. Mikulski Archive for Space Telescope, it has
a spatial resolution of 5.6 arcsec and a pixel scale of 1.5 arc-
sec. The map was converted from GALEX counts per sec-
ond to magnitudes in the AB system, and then to units of
MJy ster−1. The dust map of Schlegel et al. (1998) was used
to obtain an estimate of E(B −V) = 0.0418 for the reddening
due to Galactic dust at the location of M 33. The method
of Wyder et al. (2007) was then used to convert the red-
dening measure into an estimate of 0.32 magnitudes for the
FUV extinction, which we applied to the FUV imaging. The
Spitzer 24 µm map of M 33 used in this work is that from
Tabatabaei et al. (2007), and was kindly provided by the au-
thors of that study. It is based on Spitzer Multiband imaging
Photometer (MIPS, Rieke et al. 2004) observations of the
galaxy performed on 9/10 January 2006. Tabatabaei et al.
(2007) used the MIPS instrument team Data Analysis Tool
to carry out the basic data reduction steps. Extra steps
were carried out to account for readout offset correction
and array-averaged background subtraction. The reader is
referred to Tabatabaei et al. (2007) for further details. The
final map with spatial resolution 6 arcsec, pixel scale 2.5 arc-
sec, and with units of MJy ster−1 is that shown in Fig. 2 of
Tabatabaei et al. (2007). With both the FUV and 24 µm
maps in units of MJy ster−1, the following prescription from
Leroy et al. (2008) was used to produce the total SFR map,
ΣSFRFUV+24µm
, in units of M⊙ yr
−1 kpc−2:
ΣSFRFUV+24µm
=
(
8.1 × 10−2 IFUV + 3.2 × 10
−3 I24 µm
)
cos i, (3)
where IFUV and I24 µm are the FUV and 24 µm maps, re-
spectively, and i is the galaxy inclination (taken to be 53.9◦).
The ΣSFRFUV+24 µm maps of M 33 are shown in the third row
of Fig. 1. The ΣSFRFUV+24 µm maps of M 33 yield a global SFR
of 0.43 M⊙ yr
−1.
We use the JVLA H i data cube from Gratier et al.
(2010) to study the atomic neutral hydrogen in M 33. The
cube is based on archival JVLA B, C, and D array data
taken as parts of projects AT206 and AT268 in 1997, 1998
and 2001. It has a spatial resolution of 12 × 11.6 arcsec2, a
channel width of 1.27 km s−1, and an rms noise of σHI =
2.0 mJy beam−1. The reader is referred to Gratier et al.
(2010) for the full details of the methods used to produce the
cube. In order to generate a variety of H i data products from
the cube, we fit a third-order Gauss-Hermite (GH3) polyno-
mial to every line profile. The fitted profiles were used to
create an H i total intensity map (Fig. 1, fourth row) by nu-
merically integrating each GH3 polynomial along the spec-
tral axis of the cube.
The 12CO(J = 2-1) total intensity map from
Druard et al. (2014) is used in this work to trace the molec-
ular gas content of M 33. The galaxy was observed in
12CO(J = 2-1) line emission with the HEterodyne Receiver
Array (HERA, Schuster et al. 2004) on the 30 m telescope of
the Institut de RadioAstronomie Millimetrique (IRAM) on
the Pico Veleta in southern Spain. The 12CO(J = 2-1) total
intensity map has a spatial resolution of 12 arcsec and a pixel
scale of 3 arcsec. Druard et al. (2014) report a roughly con-
stant value of 0.8 for the CO
(
2−1
1−0
)
intensity ratio, indepen-
dent of radius. An N(H2)/ICO(1−0) = 4×10
20 cm−2/(K km s−1)
conversion factor is used in this work to yield H2 mass sur-
face density maps from the 12CO(J = 2-1) intensity map.
The ΣH2 maps of M 33 are shown in the last row of Fig. 1.
The main aim of this work is to study and compare the
properties of the SFR activity and gas content of M 33 over
a range of spatial scales, on a pixel-by-pixel basis. For the
five data sets mentioned above, the H i and CO images have
the lowest spatial resolution: 12 arcsec. The corresponding
physical resolution of 49 pc therefore serves as the highest
spatial resolution at which we can study the galaxy at multi-
ple wavelengths. Each of the ΣSFRW3 and ΣSFRFUV+24 µm maps
were smoothed (using a Gaussian kernel of appropriate size)
to a resolution of 12 arcsec and then re-sampled to have a
pixel scale of 4 arcsec. The ΣH2 map was also re-sampled
to have a pixel scale of 4 arcsec. Four more map sets were
produced by smoothing the original images to spatial resolu-
tions of 24, 48, 96, and 192 arcsec (corresponding to physical
resolutions of 98, 195, 391, and 782 pc for the assumed dis-
tance of 0.84 Mpc). For each set of maps, the pixel scale was
set to a third of the spatial resolution. The various maps
are shown from left to right in Fig. 1 in order of decreasing
spatial resolution.
3 12 µm EMISSION AS A SFR TRACER
One of the main aims of this work is to compare monochro-
matic SFRs derived from 12 µm emission to the surface
density distribution of cold gas in M 33 in order to mea-
sure the star formation law. Because the 12 µm PAH emis-
sion originates from the interstellar medium, it is an in-
direct tracer of the SFR. A much more direct tracer of
SFR is the ultraviolet photospheric emission of hot, mas-
sive stars with lifetimes of ∼ 100 Myr (Calzetti et al. 2005;
Salim et al. 2007). This emission dominates the FUV band
of GALEX. However, such a tracer potentially provides an
MNRAS 000, 1–17 (2018)
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Figure 1. Representations of the various maps used in this work. Shown from top to bottom are the ΣSFRW3 map based on WISE 12 µm
imaging, the Herschel PACS 100 µm map (shown here simply for visual comparison with the 12 µm map), the ΣSFRFUV+24µm map based
on GALEX FUV and Spitzer 24 µm imaging, the ΣHI map based on JVLA imaging, and the ΣH2 map based on
12CO(J = 2-1) IRAM
imaging. Shown from left to right are the maps at physical spatial resolutions of 49, 98, 195, 391, and 782 pc. All maps in a row have their
colours spanning a common SFR or mass surface density range. From the top row to the bottom row, the colour scales span the following
ranges: −0.0025 - 0.025 M⊙ yr
−1 kpc−2, −0.002 - 0.01 M⊙ yr
−1 kpc−2, −0.0025 - 0.4 M⊙ yr
−1 kpc−2, −1 - 17 M⊙ pc
−2, −5 - 20 M⊙ pc
−2.
The ellipse in each panel has a semi-major axis of length 18.6 arcmin, it delimits the inner portion of the galaxy for which various star
formation thresholds are studied in Sec. 5. The increasing extent of the grey portion in the ΣSFRFUV+24µm and
12CO(J = 2-1) maps is due
to blank pixels in the original images.
incomplete view of the SF activity in a galaxy due to the
presence of dust, which absorbs the FUV photons and re-
emits them at infrared wavelengths. Calzetti et al. (2007)
and Pe´rez-Gonza´lez et al. (2006) demonstrated the 24 µm
emission from a galaxy to be an accurate tracer of the dust-
obscured SFR over timescales of ∼ 10 Myr. A hybrid SFR
tracer generated by combining FUV and 24 µm emission is
generally regarded as an accurate tracer of the total SFR of
a galaxy (Calzetti et al. 2005). In this work, we use the pre-
scription given by Leroy et al. (2008) to combine the FUV
and 24 µm maps of M 33 into a total SFR surface density
map, ΣSFRFUV+24 µm . Comparing this map to ΣSFRW3 allows
us to test the accuracy with which our 12 µm-derived star
formation rates approximate the total star formation rates.
MNRAS 000, 1–17 (2018)
Star Formation in M 33 5
Brown et al. (2017) demonstrated the existence of a
power law relation (index 1.27 ± 0.04) between W ISE W3
(12 µm) and Balmer decrement corrected Hα luminosi-
ties on global length scales for a sample of 66 nearby star
forming galaxies. For galaxies in the combined SINGS and
KINGFISH galaxy sample, Cluver et al. (2017) calibrated
the global W ISE W3 luminosities to SFRs derived using the
total infrared luminosity. The data had a best-fitting power
law relation (index 1.124 ± 0.023) over nearly 5 orders of
magnitude in total infrared and 12 µm luminosities. In this
section we aim to test whether these sorts of correlations
seen on global length scales extend to more localised length
scales in M 33
Figure 2 shows enlarged versions of our highest resolu-
tion (49 pc) ΣSFRW3 and ΣSFRFUV+24 µm maps. Both maps show
only flux above 1σ. The black contour is provided to facil-
itate direct visual comparison of the maps - it is at a level
of ΣSFRW3 = 0.0058 M⊙ yr
−1 kpc−2 (corresponding to 10σ).
The two maps clearly have different morphologies, and the
difference becomes more pronounced at smaller length scales
(i.e., higher resolutions). The W3 map has at least two well-
defined spiral arms that extend over most of the disc. In fact,
they extend approximately as far as the black ellipse shown
in Fig. 1 (and reproduced in Fig. 2), which is at a radius of
∼ 4.5 kpc. One arm extends to the north east while the other
extends to the south west. Compared to the W3 disc, the
star-forming disc as traced by the FUV + 24 µm emission
is smaller in radial extent. It has a spiral morphology that
is arguably less pronounced than that of the W3 disc. Quite
noticeable is the fact that much of the high-SFR activity
(& 0.03 M⊙ yr
−1 kpc−2) as seen in the FUV + 24 µm disc
is concentrated near the centre of the galaxy. Hence, while
several galaxies in the local Universe have had their W3-
based SFRs shown to be correlated with their total SFRs
on global length scales, M 33 clearly exemplifies the ways in
which the structure of the two SFR tracers can vary on local
length scales.
Despite M 33 having different W3 and FUV + 24 µm
morphologies, we compare each pair of ΣSFRW3 and
ΣSFRFUV+24 µm maps corresponding to a particular physical
resolution. The maps are compared on a pixel-by-pixel ba-
sis. The results are presented in two different ways in
Fig. 3. The top panels show log10(ΣSFRW3) as a function of
log10(ΣSFRFUV+24 µm) for the maps with physical resolutions
49, 98, 195, 391, and 782 pc (left to right, with respective
pixel sizes of 16, 32, 65, 130, and 260 pc). Clearly, for all
spatial resolutions, there exists a an underlying linear rela-
tionship between ΣSFRW3 and ΣSFRFUV+24 µm . Furthermore, the
relationship spans ∼ 2 orders of magnitude in SFR above the
1σ level. However, going from low to high resolution does
lead to a significant increase in the scatter of the relation. To
better demonstrate this, the bottom panels of Fig. 3 show
the distributions of ΣSFRW3/ΣSFRFUV+24 µm for the various res-
olutions. In all cases, the distribution is roughly log-normal.
For a resolution of 49 pc, the 1σ scatter about the mean is
0.32 dex. The scatter steadily decreases to a 1σ value of 0.19
dex when the resolution reaches 782 pc.
To better identify which regions of the galaxy have
the highest scatter, we show in Fig. 4 spatial maps
of log10(ΣSFRW3/ΣSFRFUV+24 µm) for various resolution. As
expected, the highest deviations between the two SFR
measures can be attributed to the differing W3 and
FUV + 24 µm morphologies of the galaxy. Absolute differ-
ences between the two maps are largest along the prominent
spiral arms seen in W3, as well as within the inter-arm re-
gions. The largest differences are as large as a factor 10 in
magnitude. However, despite these localised regions where
the differences between the two SFR maps are high, most of
the galaxy has the two SFR estimators agreeing to within a
factor 2. This is the case not only over regions of very low
SFR surface densities - most of the flux in these regions is
above the 3σ level.
The existence of a linear relationship between the
monochromatic 12 µm SFR estimator and the hybrid
FUV+24 µm SFR estimator is perhaps not surprising for the
reasons mentioned by Cluver et al. (2017). They point out
that at z = 0, the W ISE W3 band samples a variety of PAH
emission features, the S(2) line of pure rotational H2, as well
as at least two nebular emission lines ([Ne II] and [Ne III]).
PAH fractions are high in regions of active star formation,
most likely due to them growing on dust grains in molecu-
lar clouds. However, Cluver et al. (2017) also mention that
the W ISE W3 band is “dominated by non-PAH continuum,
coming from warm, large grains and stochastically heated
grains”.
Our main conclusion in this section is that the 12 µm
emission in M 33, as observed in the W3 band of W ISE,
serves as a generally reliable linear estimator of the total star
formation rate. This is true over a range of sub-kpc length
scales and over a large range of SFR surface densities.
4 STAR FORMATION LAWS
Given that the 12 µm-derived SFR is related to the total
SFR in a generally linear way over a range of sub-kpc length
scales, we can compare our various ΣSFRW3 maps to their
corresponding ΣHI and ΣH2 maps on a pixel-by-pixel basis in
order to carry out a multi-scale study of the star formation
law in M 33. This will be the focus of this section.
Figure 5 shows the distribution of(
log10 Σgas, log10 ΣSFRW3
)
pixel pairs for the cases in
which only the H i is considered for the neutral gas com-
ponent (Σgas = ΣHI, top row), the sum of the H i and H2
components is considered (Σgas = ΣHI + ΣH2 , middle row),
only the H2 is considered (Σgas = ΣH2 , bottom row). Shown
in columns from left to right in Fig. 5 are the relations
between log10 ΣSFRW3 and log10 Σgas at physical spatial
resolutions of 49, 98, 195, 391, and 782 pc. In order to
robustly fit power laws to the two-dimensional data distri-
butions shown in Fig. 5, the 60, 70, 80, 90, and 95 percent
percentiles of the number of points per two-dimensional bin
were used to create a set of five contours (shown in black in
each panel of Fig. 5). For each contour, the highest values
of log10Σgas and log10 ΣSFRW3 were used to define an ordered
pair
(
log10 Σ
max
gas , log10 Σ
max
SFR
)
. These are shown as red-filled
circles in Fig. 5. A first-order polynomial was fit to each set
of five
(
log10 Σ
max
gas , log10 Σ
max
SFR
)
pairs in order to quantify the
SF law in the form ΣSFR = AΣ
n
gas. In each panel in Fig. 5,
the red-dashed horizontal and vertical lines represent the
3σ levels of ΣSFRW3 and Σgas, respectively.
The most striking result from Fig. 5 comes from the
comparison of W3-derived SFR and H2 surface densities
MNRAS 000, 1–17 (2018)
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Figure 2. Enlarged versions of the 49 pc ΣSFRW3 (left) and ΣSFRFUV+24 µm (right) maps shown in Fig. 1. Both maps show only flux above
1σ. The same black contour shown in both maps is at a level ΣSFRW3 = 0.0058 M⊙ yr
−1 kpc−2 (corresponding to 10σ). The colours in
each map represent log10 ΣSFR [M⊙ yr
−1 kpc−2] as indicated by the colour bar. The black ellipse in each panel is the same ellipse show in
the panels of Fig. 1, it has radius 18.6 arcmin (∼ 4.5 kpc). The morphology of M 33 clearly depends upon the wavelength at which the
galaxy is observed.
(bottom row of Fig. 5). For all length scales, the two quan-
tities are clearly related by a power law with an index that
is either fully consistent with a value of unity, or very close
to being consistent. All of the results are also consistent
with those of Bigiel et al. (2008) who, for a subset of spi-
ral galaxies from THINGS, measured n = 1.0 ± 0.2. How-
ever, Bigiel et al. (2008) studied the star formation law at
a fixed spatial resolution of 750 pc. In this work, for M 33,
we have shown similar star formation laws (at least in terms
the the power law index) apply over a range of spatial reso-
lutions from 49 to 782 pc. The middle row of Fig. 5 clearly
demonstrates the presence of power law relationships be-
tween ΣSFRW3 and ΣHI+H2 . However, at all spatial scales, the
power law index is higher than that of the corresponding
ΣH2 case. Finally, when considering only the H i component
of the neutral gas in M 33 (top row of Fig. 5), there is no
well-defined relationship between ΣSFRW3 and ΣHI, presum-
ably due to the manner in which the H i alone does not effec-
tively probe the highest gas densities where star formation
is occurring.
For completeness, we have also carried out pixel-pixel
comparisons of log10 Σgas and log10 ΣSFRFUV+24 µm . The result-
ing star formation laws are presented in Fig. 6 in the same
manner as those shown in Fig. 5. Linear relationships be-
tween the two quantities exist when considering the H i +H2
and H2 components of the neutral gas, yet they are not as
well-defined as those based on the 12 µm monochromatic
SFR estimator. At smaller length scales (e.g., 49 and 98 pc)
the linear relationships seen at larger length scales break
down considerably, yet are still present (albeit with much
more scatter). Thus, in addition to the 12 µm monochro-
matic SFR estimator serving as an accurate tracer of the
total SFR, it also yields better-defined Kennicutt-Schmidt
star formation laws
4.1 Discussion
Onodera et al. (2010) studied the relationship between the
surface densities of molecular gas and SFR in M 33 down
to a spatial resolution of ∼ 80 pc. They used a com-
bination of Hα and 24 µm imaging to estimate the SFR
and found it to correlate well with H2 surface densities
at scales of ∼ 1 kpc. However, they show the correla-
tion to break down when approaching giant molecular cloud
(GMC) length scales. Onodera et al. (2010) attribute the
break down to the variety of star formation activity among
GMCs, which they in turn attribute to the various evolution-
ary stages of GMCs and to the drift of young star clusters
from their parent GMCs. They conclude that the Kennicutt-
Schmidt star formation law is valid only on length scales
greater than those of the parent GMCs. Results similar to
those of Onodera et al. (2010) were found by Schruba et al.
(2010) who also studied the star formation law in M 33 over
a range of scales. On large (kpc) scales, they found a molec-
ular star formation law described by a power law with in-
dex in the range ∼ 1.1 to 1.5. However, when moving to
smaller scales, Schruba et al. (2010) report a break down of
the star formation law. Schruba et al. (2010) did, however,
focus their analysis only on the regions in M 33 with the
highest Hα and CO fluxes.
In this work, using WISE 12 µm emission as a
monochromatic SFR tracer, we find no evidence for a sig-
nificant breakdown in the Kennicutt-Schmidt star forma-
tion law (especially the H2 version) at GMC length scales in
M 33. Our results may be most directly compared to those of
Williams et al. (2018) who have also studied the star forma-
tion law in M 33 on sub-kpc length scales. Williams et al.
(2018) used a variety of star formation tracers (including
FUV + 24 µm) to determine the star formation rate in M 33.
To trace the gas content, they used the same H i and CO im-
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Figure 3. Relationships between ΣSFRW3 and ΣSFRFUV+24 µm in M 33 for a range of spatial resolution scales. Top row: log10(ΣSFRW3 [M⊙
yr−1 kpc−2]) as a function of log10(ΣSFRFUV+24 µm [M⊙ yr
−1 kpc−2]). Given in the top left of each panel is the spatial resolution of the map
as well as the corresponding pixel scale (both in units of pc). The solid black line in each panel is in no way fit to the data, it is the
line y = x. The black contours are provided simply to better highlight the general shape of the distribution, they occur at levels of 0.9,
0.95 and 0.99 times the maximum amplitude of a bin in the 2-D histogram. The red-dashed lines in each panel represent the 1σ levels
of the SFR surface density. While the average relationship between ΣSFRW3 and ΣSFRFUV+24 µm is very close to being linear, there clearly
are high SFR regions in the galaxy at which the difference is as high as a factor ∼ 10. Figure 4 shows the spatial distribution of the
log10(ΣSFRW3/ΣSFRFUV+24 µm ) maps. Bottom row: Distributions of log10(ΣSFRW3/ΣSFRFUV+24 µm ) for the various resolutions. At the top-left of
each panel is shown the mean and standard deviation of a Gaussian fit to the distribution (solid black curve). The vertical solid black
line in each panel marks the mean of the Gaussian, the black-dotted vertical lines represent 1, 2, and 3 standard deviations either side
of the mean. For all but the left-most panel, the black-dashed curve represents the best-fit Gaussian from the panel immediately to the
left (normalised to have the same peak amplitude). The 12 µm and FUV + 24 µm SFR estimators are clearly related to one another in
a linear fashion. However, scatter in the relation increases significantly with increasing spatial resolution.
age sets we use in this work. While they do find clear power
law correlations between ΣSFR and ΣH2 , their indices are sig-
nificantly higher than unity. At spatial scales of 100, 400, and
1000 pc, they find N = 2.21±0.05, 1.69±0.09, and 1.30±0.11,
respectively. It is only at length scales of ∼ 2 kpc that they
begin to recover a linear correlation between ΣSFR and ΣH2 .
Like us, they also find a scale dependence of the power law
index. This, they say, indicates that the GMCs in M 33 are in
a variety of evolutionary states. However, for the Σgas = ΣH2
case, while our power law indices increase with spatial scale,
theirs decrease. Interestingly, their power law indices for the
total gas cases generally increase at larger length scales, as
do ours.
4.2 Star formation efficiencies
In this section, we combine our SFR and gas surface den-
sity maps to produce star formation efficiency maps, SFE =
ΣSFR/Σgas. Having units of yr
−1, the SFE maps provide a
measure of the time required for the current level of star
formation to consume the observed gas supply (i.e., the gas
depletion time). For each different spatial scale, we gener-
ate SFE maps based on the H i gas (SFEHI = ΣSFR/ΣHI),
the total gas (SFEHI+H2 = ΣSFR/ΣHI+H2), and the H2 gas
(SFEH2 = ΣSFR/ΣH2 ). Our first set of SFE maps are based
on our 12 µm-based SFR maps, these are shown in Fig. 7.
For completeness, we also use our FUV+24 µm SFR maps
to produce a set of SFE maps, these are shown in Fig. 8.
The ways in which star formation efficiency varies with
gas mass on molecular cloud length scales are not well un-
derstood (Kennicutt & Evans 2012, and references therein).
Our SFE maps, especially those based on the 12 µm SFRs,
can be used to try to address this question for the case of
M 33. The bottom panels of Fig. 7 clearly show that at
each of the length scales considered in this study, the H2-
based SFEs have values close to ∼ 10−9 yr−1 for all H2 mass
surface densities above 3σ. The spread in SFEH2 values cer-
tainly does increase as the length scale decreases: from right
to left in the bottom row of Fig. 7, the standard deviations
of the Gaussian-distributed SFEH2 values that have corre-
sponding ΣSFRW3 values above the 3σ thresholds are 0.15,
0.19, 0.28, 0.36, 0.52 dex, respectively. This could be due to
the manner in which a larger range of GMC evolutionary
states is resolved by the smaller length scales, whereas the
range of states is spatially averaged over the larger length
scales. However, much like the correlations between ΣSFR
and Σgas shown in the previous section, the dominant mean
value of SFEH2 ∼ 10
−9 yr−1 seen at lower spatial resolutions
definitely does persist to the higher resolutions. Therefore,
for a large portion of the star-forming disc of M 33, the H2-
based SFEs do seem to remain fairly constant over a range
of length scales that includes molecular cloud length scales
(∼ 20 - 100 pc in effective radius, Gratier et al. 2012).
The relatively tight, horizontal distributions of SFEs
seen in the H2 cases disappear when considering the total gas
surface densities and the H i surface densities. In fact, the sit-
uation is largely reversed - a large range of SFEs correspond
to a relatively small range of gas surface densities. Hence, the
manners in which SFEs vary with gas mass clearly depend
very much on the particular gas tracer being utilised. They
also depend on the SFR estimator. In the bottom panels of
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Figure 4. Maps of log10(ΣSFRW3/ΣSFRFUV+24 µm ) for spatial resolutions 49, 98, 195, 391 pc. The values associated with the colours in each
maps are specified by the colour bar. The solid black contours represent the 10σ levels in the corresponding ΣSFRW3 maps and are used
to delimit the regions of highest SF activity. Clearly, differences between W3-based SFR estimates and total SFR estimates are largest
over regions of the galaxy where its morphologies in the bands differ most significantly. The black ellipse in each panel is the same ellipse
show in the panels of Fig. 1, it has radius 18.6 arcmin (∼ 4.5 kpc).
Fig. 8, the FUV+24 µm-based SFEs generally span a larger
range of values than they do for the 12 µm-based case.
Williams et al. (2018) also investigated the length scale
dependence of the star formation efficiency in M 33. They
find no significant variation in SFE with scale, for all three
of their gas tracers. Our results and those of Williams et al.
(2018) are in contradiction with those of Schruba et al.
(2010) who found a variation in gas depletion time with
length scale in M 33. However, as clearly discussed by
Schruba et al. (2010), their results (including their measures
of the star formation law at various length scales) may be
affected by the manner in which their study targeted the
regions in M 33 with the highest Hα and CO fluxes, rather
than the full range of reliable fluxes.
5 STAR FORMATION THRESHOLDS
The maps presented in Fig. 1 can be used to test various
star formation thresholds that attempt to link the observed
star formation in a galaxy to the presence of gravitationally
bound, cold gas clouds capable of collapsing into stars. In
this section, we test two of the more common star formation
thresholds. We do this only for the full-resolution (i.e., 49 pc)
maps of the galaxy. We do not study the thresholds as a
functions of spatial scale.
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Figure 5. 12 µm-derived SFR surface density, ΣSFRW3 , shown as functions of neutral gas surface density, Σgas. From top to bottom,
the rows represent the cases in which Σgas = ΣHI, ΣHI+H2, ΣH2 . From left to right, the columns represent the surface density maps at
spatial resolutions of 49, 98, 195, 391, 782 pc. In each panel, the horizontal and vertical red-dashed lines represent, respectively, the
3σ surface densities of the corresponding Σgas and ΣSFRW3 maps. The reliable portion of each 2-dimensional distribution is therefore the
upper right quadrant. The black contours in each panel mark the 60, 70, 80, 90, and 95 percent percentiles of the number of points per
two-dimensional bin. For each contour, the highest values of log10Σgas and log10 ΣSFRW3 were used to define the red-filled circles. The solid
black line fit to the red-filled circles in each panel represents the best-fit Kennicutt-Schmidt star formation law in the form ΣSFR = AΣ
n
gas.
For the middle and bottom rows, the best-fit parameters are shown in the top left corner of each panel. For all length scales, ΣSFRW3 and
ΣH2
are clearly related by a power law with an index that is either fully consistent with a value of unity, or very close to being consistent.
5.1 Toomre model
Toomre (1964) showed that a stellar disc that is fairly
smooth or uniform, and that is rotating in approximate equi-
librium between its self-gravitational and centrifugal forces,
cannot be entirely stable against the tendency to gravita-
tionally collapse. The Toomre criterion is most commonly
used to quantify the gravitational growth of perturbations
within a thin, rotating gaseous disc. It describes the ability
of perturbations to rotate about their centre of gravity and
thus their stability against gravitational collapse. According
to this criterion, the disc should be unstable to axisymmetric
disturbances in regions where the Toomre parameter,
Qgas =
αQσgasκ
piGΣgas
, (4)
is less than unity. The self-gravity, pressure and kinemat-
ics of the gas disc are represented by Σgas, σgas (velocity
dispersion), and κ (epi-cyclic frequency), respectively. G is
Newton’s gravitational constant. αQ = 0.69 is an empirical
calibration factor introduced by Martin & Kennicutt (2001)
who used a sample of 32 star-forming spirals galaxies to show
that the edges of their discs correspond to a median value
of Qgas = 1.5, not unity.
5.1.1 Generating the maps
Our aim in this section is to create a Qgas map for M 33
using the full amounts of information contained in the full-
resolution H i data cube. To this end, in addition to the ΣHI
map shown in Fig. 1, we also require 2-dimensional velocity
dispersion and epi-cyclic frequency maps. In order to gener-
ate an H i velocity dispersion map, we calculated the second-
order moments of the third-order Gauss-Hermite polyno-
mials fit to the line profiles in the H i data cube (cf. Sec-
tion 2). This map is shown in the left panel of Fig. 9. As
will be shown below, the our 2-dimensional epi-cyclic fre-
quency map, κ(x, y), is produced using the H i velocity field
of the galaxy together with the parameters from a model fit
to the H i rotation curve. In order to generate an H i velocity
field, we used the central velocities of the third-order Gauss-
Hermite polynomials fit to the line profiles in the H i data
cube. Our H i velocity field for M 33 is shown in the right
panel of Fig. 9.
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Figure 6. Total SFR surface density, ΣSFRFUV+24 µm , shown as functions of neutral gas surface density, Σgas. From top to bottom, the
rows represent the cases in which Σgas = ΣHI, ΣHI+H2, ΣH2 . From left to right, the columns represent the surface density maps at spatial
resolutions of 49, 98, 195, 391, 782 pc. In each panel, the horizontal and vertical red-dashed lines represent, respectively, the 3σ surface
densities of the corresponding Σgas and ΣSFRW3 maps. The reliable portion of each 2-dimensional distribution is therefore the upper right
quadrant. The black contours in each panel mark the 60, 70, 80, 90, and 95 percent percentiles of the number of points per two-dimensional
bin. The solid black lines shown in the panels in the middle and bottom rows do not represent any sort of fit to the data. Rather, they
are the Kennicutt-Schmidt star formation laws fit to the red-filled circles shown in the corresponding panels in Fig. 5.
The Coriolis or centrifugal forces caused by the rotation
of perturbations is approximated by the epi-cyclic frequency,
κ. Following Kennicutt (1989), κ is calculated as
κ(R) = 1.41
V(R)
R
√
1 +
R
V(R)
dV(R)
dR
, (5)
where V(R) is the observed rotational velocity. In this work,
in order to generate a 1-dimensional profile of the epi-cyclic
frequency, κ(R), we use the M 33 rotation curve presented in
Kam et al. (2017) based on H i line observations obtained
with the synthesis telescope at the Dominion Radio As-
trophysical Observatory. Kam et al. (2017) fit a tilted ring
model (Rogstad et al. 1974) to the H i velocity field of M 33,
they present the results in their Table 4. Here, we fit their
measured rotation curve with the analytic function
VPE(R) = V0
(
1 − e−R/RPE
) (
1 +
αR
RPE
)
. (6)
This is the Polyex model from Giovanelli & Haynes (2002).
V0, RPE, and α determine the amplitude of the outer rota-
tion curve, the exponential scale length of the inner rotation
curve, and the slope of the outer rotation curve. Our best-
fit parameters are V0 = 96.8 km s
−1, RPE = 4.9 arcmin,
and α = 0.018. Figure 10 (left panel) shows the Kam et al.
(2017) measured rotation curve together with the best-fit
Polyex model.
Using the Polyex model for the rotation curve, Eqn. 5
can be re-written as
κ(R) = 1.41
VPE(R)
R
(
1 +
VoR
VPE(R)
e−R/RPE
(
1
RPE
+
αR
R2
PE
+
1
R
)
−
V0
VPE(R)
)1/2
.
(7)
κ(R) based on the best-fit Polyex model parameters is shown
in the middle panel of Fig. 10.
In order to convert the 1-dimensional κ(R) profile shown
in Eqn. 7 into a 2-dimensional map, κ(x, y), that incorporates
the information contained in the H i velocity field of M 33,
we replace VPE(R) in Eqn. 7 with
VPE(x, y) =
VF(x, y) − Vsys
sin i cos θ
, (8)
where VF(x, y) is the radial velocity at position (x, y) as
given by the velocity field, Vsys = −180 km s
−1(Kam et al.
2017), i = 53.9◦, and θ = 201.3◦. The tilted ring model from
Kam et al. (2017) shows the position angle of the galaxy to
be constant at a value of 201.3◦ out to radius R = 30 arcmin.
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Figure 7. 12 µm-derived star formation efficiency maps shown as functions of neutral gas surface density, Σgas. From top to bottom,
the rows represent the cases in which Σgas = ΣHI, ΣHI+H2, ΣH2 . From left to right, the columns represent the surface density maps at
spatial resolutions of 49, 98, 195, 391, 782 pc. In each panel, the horizontal and vertical red-dashed lines represent, respectively, the
3σ surface densities of the corresponding Σgas and SFE maps. The reliable portion of each 2-dimensional distribution is therefore the
upper right quadrant. The black contours in each panel mark the 60, 70, 80, 90, and 95 percent percentiles of the number of points per
two-dimensional bin. The bottom panels clearly show that at each of the length scales considered in this study, the H2-based SFEs have
values close to ∼ 10−9 yr−1 for all H2 mass surface densities above 3σ - they do not vary significantly with length scale.
Over the same radial range, the inclination varies linearly
from a value of 53.2◦ at the centre to 54.6◦. When calculat-
ing the various star formation thresholds in this section, we
are restricted to the portion of the galaxy within a radius
R ≈ 18.6 arcmin. This radial range very much constitutes the
rising portion of the rotation curve. This limit is imposed
but the physical extent of the CO image from Druard et al.
(2014) used to generate the ΣH2 map. This limiting radius is
indicated by the black ellipses in Fig. 1.
Because the circular velocity components do not con-
tribute to the line-of-sight velocities along the minor axis of
the H i velocity field (cos θ = 0), all pixels in the Qgas maps
within 10◦ of the minor axis are ignored (i.e., blanked). Fur-
thermore, pixels in the relevant Σgas map that are below the
3σ level are also blanked. Hence, the three Qgas maps (and
the Sgas maps in the next section) all have different filling fac-
tors. For the Qgas map based on Σgas = ΣH2 , only pixels cor-
responding to ΣH2 > 10.2 M⊙ pc
−2 are considered. Similarly,
only pixels with ΣH2 > 10.2 M⊙ pc
−2 and ΣHI > 4 M⊙ pc
−2
are used for the Qgas map based on Σgas = ΣHI+H2 . The
Qgas map based on Σgas = ΣHI uses only those pixels with
ΣHI > 4 M⊙ pc
−2. For the instability maps based only on
the H2 component of the gas, we scale the H i velocity dis-
persion map by a factor of 1/1.4. This is based on the results
from Mogotsi et al. (2016) who show the ratio of H i to CO
velocity dispersions in THINGS galaxies to be 1.4.
5.1.2 Results and Discussion
Setting Qgas = 1 in Eqn. 4 and solving for Σgas yields a criti-
cal gas surface density, Σcrit, above which the gas should be
gravitationally unstable. Figure 11 shows maps of Σgas/Σcrit
for the cases Σgas = ΣHI, Σgas = ΣHI+H2 , and Σgas = ΣH2 .
For all cases, the Toomre model significantly under-predicts
the amount of neutral gas over large inner portions of the
galaxy. For the H i-only case, no star formation is predicted
to occur within a radius R ∼ 8.5 arcmin of the centre. The re-
sults are similar for the H i+H2 case. However, including the
H2 yields higher gas surface densities that result in only the
inner-most disc (R . 3 arcmin) being incorrectly predicted
to have gas surface densities too low for star formation. The
persistent inability of the Qgas to correctly predict the star
formation near the galaxy centre is presumably due to the
very high epi-cyclic frequencies occurring at small radii, as-
sociated with the steeply rising portion of the rotation curve.
At R ∼ 3 arcmin, κ ∼ 80 km s−1 kpc−1 (see middle panel of
Fig. 10). For the H2-only case, the Toomre model again in-
correctly predicts the inner few arcmin of the galaxy to have
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Figure 8. FUV+24 µm-derived star formation efficiency maps shown as functions of neutral gas surface density, Σgas. From top to
bottom, the rows represent the cases in which Σgas = ΣHI, ΣHI+H2, ΣH2 . From left to right, the columns represent the surface density maps
at spatial resolutions of 49, 98, 195, 391, 782 pc. In each panel, the horizontal and vertical red-dashed lines represent, respectively, the
3σ surface densities of the corresponding Σgas and SFE maps. The reliable portion of each 2-dimensional distribution is therefore the
upper right quadrant. The black contours in each panel mark the 60, 70, 80, 90, and 95 percent percentiles of the number of points per
two-dimensional bin.
no star formation. However, unlike the other two cases, it
does a good job of predicting fairly well the observed H2
surface densities over the rest of the disc (R & 3.5 arcmin).
Over this entire radial range, the mean value of ΣH2/Σcrit
varies slowly from ∼ 1 to ∼ 4.
Overall, the Toomre model consistently predicts a lack
of star formation in the inner-most parts of M 33. This re-
sult may be compared to the findings of Leroy et al. (2008)
who for samples of spirals and dwarfs from THINGS found
Qgas to suggest the galaxies to always be stable against the
tendency to form stars (regardless of galacto-centric radius).
Similar conclusions were reached by Elson et al. (2012) for
the nearby blue compact dwarf galaxies NGC 2915 and
NGC 1705. Hence, for the case of M 33, Qgas does a rel-
atively better job of at least predicting the outer portions of
the star-forming disc to be gravitationally unstable.
5.2 Shear model
Hunter et al. (1998) test the efficacy of various star forma-
tion thresholds to predict the relationship between gas, stars
and star formation in a sample of irregular galaxies. They
consider the situation in which cloud growth occurs with
streaming motions along interstellar magnetic field lines. Un-
der such circumstances, they say, the Coriolis force can be
less important than the time available for clouds to grow in
the presence of gravitational shear. They quantify the rota-
tional shear of the gas using Oort’s A constant,
A(R) = 0.5
(
V(R)
R
−
dV(R)
dR
)
. (9)
Then, their shear-based parameter for gravitational insta-
bility is
Sgas =
αAσgas A
piGΣgas
. (10)
Hunter et al. (1998) estimate αA = 2.5. This value
matches the contrast between the surface densities of neu-
tral and molecular inter-stellar media in the presence of ro-
tational shear. Regions in the galaxy with Sgas ≤ 1 should
be unstable against the tendency to gravitationally collapse
(i.e., forming stars), while regions with Sgas > 1 should be
stable against large-scale gravitational collapse. The right
panel of Fig. 10 shows the radial profile of A based on the
Polyex parameterisation of the M 33 rotation curve. Clearly,
A << κ at inner radii while at outer radii (R & 20 arcmin)
A ≈ κ. Hunter et al. (1998) stress that using A instead of κ
to quantify the kinematics makes very little difference for
the flat portion of a rotation curve. For the rising portion
of a rotation curve where the shear is low, A << κ results in
Sgas << Qgas.
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Figure 9. H i velocity dispersion map (left) and H i velocity field (right) for the full-resolution (49 pc) H i data cube. Pixels with
corresponding values less than the 1σ noise level (4 M⊙ pc
−2) in the H i total intensity map (ΣHI) have been blanked. The colour bar
above each panel specifies the velocities in units of km s−1. These maps, together with the ΣHI map and the epi-cyclic frequency map,
κ(x, y), are used to generate the instability maps shown in Fig. 11 and Fig. 12.
Figure 10. Left: Rotation curve for M 33 from Kam et al. (2017) (black-filled circles) parameterised using the Polyex model (red curve).
Middle: Epi-cyclic frequency radial profile, κ(R), for the Toomre Qgas model based on best-fit parameters from the Polyex rotation curve.
Right: Shear profile for the shear-based model of Hunter et al. (1998) (solid curve) based on best-fit parameters from the Polyex rotation
curve. For comparison, the epi-cyclic frequency profile from the middle panel is shown as the dashed curve. Clearly, κ(R) and A(R) are
significantly different to one another over the steeply rising portion of the rotation curve. At outer radii, they approach similar values.
The vertical dashed line in each panel is at a radius R = 18.6 arcmin, it represents the maximum radius out to which the star formation
thresholds are studied. This outer radius is set by the physical extent of the CO disc as seen in the 12CO(J = 2-1) total intensity map
from Druard et al. (2014).
5.2.1 Generating the maps
Using the functional form of the Polyex model given in
Eqn. 6 to calculate a 1-dimensional profile of the rotational
shear yields
A(R) = 0.5
(
V0
R
− V0e
−r/RPE
(
1
RPE
+
αR
R2
PE
+
1
R
))
. (11)
We were unable to express A(R) in terms of VPE(R). Given
that A(R) depends only on the Polyex model parameters,
our shear-based instability maps are not based on the rota-
tional velocities sourced directly from the H i velocity field of
the galaxy. Instead, they are based on V(R) (via the Polyex
model parameterisation). Our 2-dimensional A(x, y) map is
therefore a radially symmetric map. It is, however, combined
with the non-symmetric maps of the H i velocity field and
H i velocity dispersion, thereby yielding Sgas maps that do
indeed vary with (x,y) position.
MNRAS 000, 1–17 (2018)
14 E. C. Elson et al.
Figure 11. Qgas star formation threshold results for M 33 for the cases Σgas = ΣHI (left), Σgas = ΣHI+H2 (middle), and Σgas = ΣH2 (right).
The top row shows maps of the ratio of the observed gas density to the critical gas density required for star formation, Σgas/Σcrit. Bottom
panels show as solid curves the median values of Σgas/Σcrit (black) as well as the median SFR surface densities (red). Each panel contains
two different y-axes. On the left is Σgas/Σcrit while on the right is ΣSFR. In each panel, the horizontal black line marks Σgas/Σcrit = 1. For all
cases, the Toomre model significantly under-predicts the amount of neutral gas over large inner portions of the galaxy.
5.2.2 Results and discussion
Figure 12 shows maps of Σgas/Σcrit for the cases Σgas = ΣHI,
Σgas = ΣHI+H2 , and Σgas = ΣH2 . Unlike the Qgas models, all
three Sgas threshold maps predict the presence of star forma-
tion in the innermost regions of the M 33. The H i-only case
formally predicts star formation only within R ∼ 2 arcmin
of the galaxy centre. However, beyond this radius ΣHI/Σcrit
obtains at a roughly constant value of ∼ 0.5. For the total
gas case, the shear model predicts the entire inner disc to be
star-forming. For R . 6 arcmin, the rate at which Σgas/Σcrit
decreases with radius is very similar to the rate at which
ΣSFRW3 decreases. This suggests the total gas mass plays an
important role in regulating the gravitational instability of
the interstellar medium. The outer parts of the gas disc equi-
librate to a roughly constant value of ΣHI+H2/Σcrit, this time
closer to unity than for the H i-only case. The shear model
does not perform well for the H2-only case. Like the H i-
only case, it predicts the innermost (R . 4) arcmin portion
of the galaxy to be star-forming, and fails at outer radii.
Again, however, Σgas/Σcrit equilibrates to a roughly constant
value at larger radii.
An instability parameter such as Sgas that equilibrates
to a roughly constant value over an extended portion of the
disc offers the exciting possibility of it being used to generate
an estimate of the galaxy’s rotation curve. If a constant sta-
bility star-forming disc is assumed (e.g., Meurer et al. 2013)
and if the self-similarity of H i column density profiles of
galaxies (e.g., Martinsson 2011) is considered, the shape of
a galaxy’s rotation curve required to generate the constant
instability parameter can be constrained. Such a method of
inferring the shapes of rotation curves will be well-suited to
forthcoming H i galaxy surveys to be carried out on ASKAP
and MeerKAT that will directly detect many thousands of
galaxy in H i line emission, yet which will lack the resolution
to spatially resolve them - thereby preventing the generation
of rotation curves using traditional methods.
6 H i SATURATION LIMIT
A particular result from the study by Bigiel et al. (2008) of
the star formation law in THINGS galaxies is the presense of
a sharp saturation of H i surface densities at ≈ 9 M⊙ pc
−2 in
both the spirals and dwarfs. In the case of spirals, the gas in
excess of this limit is observed to be molecular. The THINGS
data cubes have high spatial resolution (∼ 6 arcsec). Given
the distance range of the THINGS galaxies (∼ 2 - 15 Mpc),
the corresponding physical resolutions are ∼ 50 - 450 pc.
However, Bigiel et al. (2008) degrade the physical resolution
of all their H i maps to 750 pc in order to carry out their
study.
The top panel of Fig. 13 shows the distribution of face-
on H i surface densities from the full-resolution H i total
MNRAS 000, 1–17 (2018)
Star Formation in M 33 15
Figure 12. Sgas star formation threshold results for M 33. See Fig. 11 for full details. Note for the Σgas = ΣHI+H2 and Σgas = ΣH2 cases that
the rate at which Σgas/Σcrit decreases with radius is similar to the drop off in SFR. In all cases, the outer parts of the gas disc equilibrate
to a roughly constant value of Σgas/Σcrit.
intensity map of M 33 generated in this work (shown in
Fig. 1). The median H i mass surface density is 6.3 M⊙ pc
−2.
Only ∼ 71 percent of the H i mass in M 33 is observed
at surface densities below the THINGS saturation limit of
9 M⊙ pc
−2, the other 29 percent yields surface densities of up
to 20 M⊙ pc
−2, and higher. At 12 arcsec angular resolution,
the JVLA imaging has a corresponding physical resolution of
≈ 49 pc. This physical resolution is roughly similar to the in-
trinsic physical sizes of giant molecular clouds in M33, which
Gratier et al. (2012) showed to range from ∼ 20 - 100 pc in
effective radius. Assuming the high-density H i in the galaxy
to be clumped on roughly similar length scales, it is reason-
able to assume that the JVLA images are probing the true
H i surface densities of the galaxy.
The situation changes drastically when the JVLA H i
cube from Gratier et al. (2010) is smoothed. We used a
Gaussian convolution kernel to smooth each channel of the
H i data cube to a spatial resolution of 750 pc. The cube was
then spectrally integrated to yield a total intensity map in
units of M⊙ pc
−2. The bottom panel of Fig. 13 shows the
distribution of the face-on H i mass surface densities in the
smoothed map. For this smoothed version of the cube, the
surface densities are distributed much more uniformly. Most
notable is that fact that the maximum H i surface density
has been reduced to 8.6 M⊙ pc
−2, very close to the saturation
limit given by Bigiel et al. (2008).
We carried out an identical experiment with one of the
THINGS galaxies, NGC 1569. The naturally-weighted H i
data cube for this galaxy has a spatial resolution of 7.71 ×
7.04 arcsec2 (corresponding to a physical resolution of ≈ 74×
68 pc2 at the distance of the galaxy, 2 Mpc). In the H i total
intensity map, a significant portion of the disc has H i mass
surface densities well in excess of 9 M⊙ pc
−2, some reaching
as high as ≈ 32 M⊙ pc
−2. When the cube is smoothed to a
spatial resolution of 750 pc, the peak surface density in the
H i total intensity map drops to ≈ 9.7 M⊙ pc
−2.
The simple demonstrations presented in this section
suggests the sharp saturation of H i surface densities at
≈ 9 M⊙ pc
−2 reported by Bigiel et al. (2008) for their 18
THINGS galaxies may be due to the manner in which the
images were spatially smoothed. Galaxies such as M 33 and
NGC 1569 observed at high spatial resolution have signif-
icant fractions of their H i mass corresponding to surface
densities higher than ≈ 9 M⊙ pc
−2.
7 SUMMARY
In this work, we have used various existing image sets of
M 33 to carry out several studies over a range of physical
spatial resolutions spanning 49 to 782 pc.
We have shown the monochromatic star formation rate
(SFR) estimator based on 12 µm emission from polycyclic
aromatic hydrocarbons to be reliably and accurately corre-
lated to the traditional FUV + 24 µm hybrid tracer of the to-
tal SFR. Over the full range of length scales considered, a lin-
ear correlation between ΣSFRW3 and ΣSFRFUV+24 µm clearly per-
sists, yet the Gaussian-distributed scatter in the correlation
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Figure 13. Distribution of H i surface densities from the full-
resolution (49 pc, 12 arcsec) H i total intensity map of M 33 (top
panel) and for the spatially-smoothed (750 pc, 184 arcsec) map
(bottom panel). All surface densities have been corrected for the
inclination of the galaxy. The same bin size of 0.5 M⊙ pc
−2 is used
for both histograms. Spatially smoothing the data has the clear
effect of artificially introducing an H i saturation limit close to
∼ 9 M⊙ pc
−2.
does increase as the length-scale is decreased. We have there-
fore confirmed at sub-kpc length scales the similar results
found by other authors on global length scales. Furthermore,
we have generated a global SFR estimate from the PACS
100 µm imaging (0.44±0.10 M⊙ yr
−1) and shown is to be con-
sistent with our 12 µm-based estimate (0.340.42
0.27
M⊙ yr
−1),
thereby showing how the WISE 12 µm and Herschel 100 µm
bands both trace the same star formation activity in the
interstellar medium. This further demonstrates the robust
and credible nature of the WISE 12 µm imaging and the
methods used to calculate the SFR.
We have addressed the question of how spatial sampling
and averaging affect the observed form of the star forma-
tion law in M 33, and we have done this in terms of H i,
H2, and total gas surface densities. Contrary to previously
published results for M 33 from Onodera et al. (2010) and
Schruba et al. (2010), we find clear evidence for the preva-
lence of a Kennicutt-Schmidt star formation law over our
full range of considered sub-kpc length scales. For the case
in which only the H2 component of the neutral gas is consid-
ered, all correlations are entirely consistent or close to being
consistent with a linear relation. This is true all the way
down to giant molecular cloud length scales. When consid-
ering the total gas content (H i + H2 surface densities) of
the galaxy, the indices of the power-law correlations are all
higher (closer to a value of ≈ 2) than the corresponding val-
ues for the H2-only case. No clear correlations are found
for the H i-only cases. A similar extension of the Kennicutt-
Schmidt law down to sub-kpc length scales in M 33 was
recently found by Williams et al. (2018) using the same gas
maps used in this work, yet they find power law indices sig-
nificantly higher than ours.
We combined our SFR and gas surface density maps to
study the distribution of star formation efficiencies (SFEs) in
M 33. Over the full range of length scales considered, the H2-
based SFEs are all centred on a mean value of ∼ 10−9 yr−1.
We have therefore provided clear evidence for the existence
of a fairly constant SFE in M 33, down to the length scales
of molecular clouds.
We have used our high-resolution (49 pc) maps to study
the Toomre instability threshold and the shear-based insta-
bility model of Hunter et al. (1998). Our study is limited to
the rising portion of the rotation curve. The Toomre models
consistently predict the inner parts of M 33 to have no star
formation. The shear-based models incorporating the total
gas surface densities correctly predict the entire inner disc to
be star-forming. In all cases, the shear-based models equili-
brate to a roughly constant value of observed to critical gas
surface densities at larger radii.
Finally, we have discussed the possibility that observa-
tions of a saturation of H i surface densities at ∼ 9 M⊙ pc
−2 in
nearby galaxies reported by other authors may be an artefact
of the spatial smoothing process. The 12 arcsec resolution
H i map used in this work has only ∼ 71 percent of its H i
mass surface densities below the THINGS saturation limit
of ∼ 9 M⊙ pc
−2. However, when the map is smoothed from
its native resolution of 49 pc down to 750 pc (the same reso-
lution as the THINGS imaging in Bigiel et al. 2008), it does
indeed clearly exhibit a maximum surface density close to
9 M⊙ pc
−2. We carried out an identical test using one of the
THINGS galaxies (NGC 1569), and found the same result.
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